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The corresponding inertial velocity error (or deviation) re-
ferred to the rotating coordinate system is given by

Ax* Ax + n*(p?/r?) Az
Af*=| Ay* | = | Ay (4)
Az* Az — n*(p?/r?) Az

Solving Eqs (8) and (4) as an initial value problem will yield
the “transition’” matrix, which is the desired solution as given
in Table 1 It is needless to state here that the derivation for
this solution is complex inasmuch as the differential equations
involve time-varying coeflicients An exact integral to Eq (3)
has been obtained but will not be given here for lack of space

For circular orbits p/r = 1, and Eqs (3) and (4) become
constant coefficient equations which can be directly solved as
an initial value problem using Laplace Transform tech-
niques This solution is given in Refs 1-5

Let the matrix solution of Table 1 be denoted by ¢ and as-
sume that it is partitioned as a set of four 3 X 3 submatrices
Then the solution to Eq (3) can be represented as

[ Arﬂ+1:] _ [an-}»l §n+l n][ Arn] (5)
Afn-l-l* dﬂ+l n B?H—l n Ai‘n*

in which this matrix, defined as ¢..1 «, is given by Table 1,
and where, typically, @y » = a(tuis, £.) is 2 3 X 3 submatrix
evaluated between the two terminals n + 1 and n  The in-
ertial position and velocity deviation propagation and error

equations are then given by Eq (5) To obtain the inverse
(lower matrix of Table 1), use can be made of the relationship

o =70 2 (©

—&f  af

which is proved in Ref 8 for inertial coordinates systems and
in Refs 6 and 7 for rotating coordinate systems

An Explicit Linear Guidance Law

Using Eq (5), a linear deterministic solution to the two-
point boundary problem that involves impulsive controls can
be developed In mostlinear guidance schemes in the free-fall
regime, it is desired to secure a position and/or velocity
match at a future epoch  This implies one velocity correction
to null the predicted position deviation and a second correc-
tion to null the velocity deviation The velocity-to-be-
gained to null the predicted position deviation at epoch n + 1
is given as

( Ar,
Av,! = — [Bnﬂ 2 Qo mII] [Af”*] (7)
The velocity-to-be-gained to be applied at n 4 1 to null the
velocity deviation at n + 1 is given by

Anav? = (Brg1 " HT AL, ®

Further details on linear impulsive guidance mechanization
techniques are given in Ref 7 The previously cited Table 2
yields the explicit representation of the velocity-to-be-gained
sensitivity matrixes, —8la and [87]7, for all two-body
conical orbits
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Mars Nonstop Round-Trip Trajectories

RoceEr W Lumens*
NASA Lewrs Research Center, Cleveland, Ohio

Introduction

ANNED and unmanned nonstop round trips may be
precursors of the first manned landing on Mars The
vehicle for such a trip will be launched from Earth and, with-
out stopping, fly by Mars and return to Earth Xxcept in
special cases, a vehicle placed on a trajectory to Mars will not
return to Earth In many cases, however, an Earth return
can be achieved if the trajectory is modified by one of the
following means: 1) by the gravity of Mars, 2) by gravity
supplemented by propulsion, or 3) by gravity supplemented by
aerodynamic forces The analysis of the trajectories resulting
from the latter two trajectory modifications is the contribu-
tion made herein
In this note, the preceding three kinds of nonstop round
trip trajectories are compared in the years 1971 and 1980 on
the basis of mission time and the required propulsive velocity
increment A short mission is desirable for reducing life sup-
port system weight and for psychological reasons Since the
initial system gross weight is exponentially related to the pro-
pulsive velocity inecrement, a low value of this parameter also
is desired

Types of Maneuvers

The trajectory of a typical nonstop round-trip mission in
1971 is superimposed on orbits of Mars and Earth in Fig 1
Note that the Mars orbit is quite eccentric The vehicle
leaves Earth at point 1, passes close to Mars at point 2, and
returns to Earth at point 3 In general, outbound and in
bound legs of the trajectory are of unequal length

When the vehicle passes Mars, its trajectory can be changed
in three ways, which characterize the three trajectories ana-
lyzed (Fig 2) For a gravity turn, only the gravitational field
of Mars deflects the vehicle (Fig 2a) The arrival and the
departure velocities V4 and Vp are equal in magnitude, and
the turning is equally distributed between the arrival and the
departure phases of the maneuver, that is, $ea = Pep

If gravity alone cannot produce an Earth return trajectory,
the trajectory can be further changed by thrusting The
thrust is generally best applied at the sphere of influence when
the vehicle departs from Mars Figure 2a illustrates a velocity
increment AV imparted to change the departure velocity
vector from Vp to Vp A trajectory using this maneuver is
called a propulsive-gravity turn

An aerodynamic-turn trajectory (Fig 2b) may be used to
advantage when a low departure velocity and a high turning
angle are required The total turning can be broken into
three stages First, the arrival velocity vector is turned
through an angle ®s4 by the planetary gravitation field
Second, after entering the Mars atmosphere, the vehicle
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velocity vector is turned through an angle ®, by the vehicle
lift and is also decreased in magnitude because of aerodynamic
drag Finally, after the vehicle leaves the Mars atmosphere
and until it departs from the sphere of influence of Mars, it is
turned through an angle $gp

Method of Analysis

The round-trip trajectories were studied by first selecting
the type of nonstop trajectory, the launch year, and the total
trip time (equivalent to the central angle from 1 to 3 in Fig
1) Then, by varying the launch date and the time out, the
trajectories with a minimum propulsive velocity increment
were located The trajectory data were generated by the
“patch-conie, impulsive AV” computer program of Ref 1,
which accounts for both the eccentricity and the inclinations
of the Earth and the Mars orbits

Results and Discussion

The minimum propulsive velocity increment for each mis-
sion time, AV, in miles per second is plotted against the
mission time in days for launch years of 1971 and 1980 in
Figs 3 and 4, respectively In all cases, the mission staits
from an Earth parking orbit of 11 Earth radii, and at
mospheric braking is used at Earth return The lowest
periapsis of the Mars pass considered for the gravity and the
propulsive-gravity-turn trajectories is 11 Mars radii For
references, the total AV required for a comparable direct
lunar landing and return mission (5 3 mps) and the minimum
AV for a one-way fly-by transfer to Mars (about 2 2 mps) are
indicated on the ordinate

Many of the Mars round trips require a AV substantially
less than that for the lunar landing The Mars trip times,
however, are considerably longer than the lunar trip time,
which is of the order of a week

Gravity-turn trajectories are possible only at total trip
times of approximately 1 year and again at trip times greater
than about 14 years If 1980 is the launch year, the lowest
AV for a gravity turn oceurs for a trip time of 540 days

By admitting the use of thrusting near Mars, the propulsive-
gravity-turn type of trajectory, round trips become possible

Fig 2 Types of nonstop round-trip trajectories: a) grav-
ity turn and propulsive-gravity turn; b) atmospheric
turn
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over a wide range of trip times  For 1980, the minimum AV is
slightly less than that for the best gravity turn and occurs at a
shorter trip time, about 500 days Also, in both 1971 and
1980, there is only a slow increase in AV with decreasing trip
time for trip times down to about 400 days

Even further reductions in AV occur when an aerodynamic
turn is used at Mars Values only slightly greater than that
for a one-way transfer oceur for a vehicle with a lift-drag ratio
of 4 Significant reductions in AV below that for the propul-
sive-gravity turn exist also for the more practical lift-drag
values of 1 5and 20 The trip times for low AV are between
about 380 and 420 days for this case

The effect of launch year on the required AV may be seen
by eomparing the values in Figs 3 and 4 For the gravity
and the propulsive-gravity turns, the values of AV are greater
in 1980 than in 1971 This effect is due to the eccentricity of
the Mars orbit The trips in 1971 pass Mars when Mars is
near its perihelion, as illustrated in Fig 1 The trips in 1980,
however, pass Mars when Mars is near its aphelion A com-
parison of the atmospheric turns in 1971 and 1980 shows that
the required propulsive velocity increment for this type of
trajectory is least sensitive to the launch year

Several factors not discussed in this note are also important
in the case of atmospheric turns: ¢ loads, heat loads, and
feasible lift-drag ratios In most cases, the g loads during the
atmospheric turns are less than 10 Earth ¢’s, which is about
the limit of human tolerance The vehicle must be capable of
absorbing both the heat load associated with the aerodynamic
turn at Mars and the Earth atmospheric entry The lowest
AV available will depend on the practically realizable lift-
drag ratios, which may be of the order of 20 The heat loads
also depend on the vehicle lift-drag ratio The atmospheric-
turn trajectories pose challenging but not unfeasible aerody-
namic and heat-protection problems, which require further
study

Conclusions

The following conclusions can be drawn from the present
study of Mars nonstop round-trip trajectories using gravity,
propulsive-gravity, and atmospheric turns at Mars:

1) When compared with gravity turns, the use of small
amounts of propulsion near Mars markedly expands the range

2
» o
~
I o \
o 8
S \©
> \
a7k \ -~ AV FOR LUNAR LANDING AND RETURN MISSION
= \,
- \
= ~o LIFT-DRAG RATIO
ax L ~
S s[- S~ 2
z gl -7
S ak- -~ /4
[ N —— TYPE OF TURN
E
> s~ - A GRAVITY
= ~— e e—ee PROPULSIVE GRAVITY
3 a1 — — ATMOSPHERIC
\

3 MINIMUM AV FOR ONE-WAY TRANSFER
g | I L l 1 I 1 l L 1 ~

340 380 320 460 500 54G 580

TOTAL TRIP TIME DAYS

Fig 4 Round-trip nonstop missions in 1980



370 ATAA JOURNAL VOL 2, NO 2

of possible trip times and in some cases reduces the required
propulsive velocity increment

2) The use of an atmospheric turn at Mars can reduce the
required propulsive velocity increment to a value approaching
that for a one-way transfer to Mars, depending on the feasible
vehicle lift-drag ratios Low propulsive velocity increments
oceur for trip times down to about 1 year

3) In general, greater propulsive velocity increments are
required in 1980 than in 1971 The propulsive velocity in-
crements for the atmospheric-turn trajectories are the least
affected by the launch year

4) The propulsive-gravity and the atmospheric-turn tra
jectories appear to offer the potential of fast, light-weight,
nonstop round trips to Mars
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Nonlinear Pressure Coupling in

Cylindrical Shell Analysis

Pavn E WiLsonN* AND EpwARrD E SPIERT
General Dynamics/Astronoutics, San Diego, Calif

Nomenclature

radius of shell middle surface

a =

A B = constants of integration

D = flexural rigidity, Fh3/12(1 — »?)

E = modulus of elasticity

h = shell thickness

i = (=1)12

k = shell parameter, Eh/a*

m = nondimensional load parameter

Mo,Q: = moment and shear at discontinuity neglecting
N (d*w/dz?)

Mx,Qn = moment and shear at discontinuity including
N (d*w/dx?)

N, = axial stress resultant, positive when tensile

P = internal pressure

w = radial deflection measured positive inward

w,w, = complementary and particular solutions, respectively

x = axlial coordinate

«,B,B,v = parameters entering into complementary solution

81,82 = membrane expansions given by Eq (7)

] = shell thickness ratio, ki /hs

At = shell parameter, k/4D

Poisson’s ratio

A

Introduction

ANY structural problems in the aerospace industry

involve highly pressurized shells with large radius-
thickness ratios, and under these circumstances, as suggested
by Hetenyi,! the coupling effects of pressure often have a
significant influence on discontinuity shears, moments, and
stresses  Accordingly, a number of investigations have
recently been focused on this problem for pressurized cylin-
drical 2~ spherical,®®® and arbitrary shells of revolution 1!
For internally pressurized shells, comparisons made between
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Fig 3 Shear comparison curves

discontinuity analyses that include and neglect the coupling
effects of meridional load”® imply that use of the refined
method generally yields lower calculated maximum stresses
and results in a lighter-weight structure

In this note, two well-known thin shell theories are used to
evaluate and compare shears and moments at the juncture of
two pressurized cylindrical shells For highly pressurized
cylinders with large radius-thickness ratios, the numerical
results indicate that nonlinear coupling effects of pressure
significantly influence computed values of discontinuity
shears and moments

Theory

The differential equation that governs small axisymmetric
displacements of thin cylindrical shells may be written in the
form?12

d*w d*w N

Eh -
D%—Nzcm'l‘;z‘w:—p-i—vz 1



